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Abstract
Using a partitioned-energy thermodynamic framework which assigns energy
to that of atomic configurational stored energy of cold work and kinetic-
vibrational, we derive an important constraint on the Taylor-Quinney coeffi-
cient, which quantifies the fraction of plastic work that is converted into heat
during plastic deformation. Associated with the two energy contributions are
two separate temperatures – the ordinary temperature for the thermal en-
ergy and the effective temperature for the configurational energy. We show
that the Taylor-Quinney coefficient is a function of the thermodynamically
defined effective temperature that measures the atomic configurational disor-
der in the material. Finite-element analysis of recently published experiments
on the aluminum alloy 6016-T4 [1], using the thermodynamic dislocation the-
ory (TDT), shows good agreement between theory and experiment for both
stress-strain behavior and temporal evolution of the temperature. The sim-
ulations include both conductive and convective thermal energy loss during
the experiments, and significant thermal gradients exist within the simula-
tion results. Computed values of the differential Taylor-Quinney coefficient
are also presented and suggest a value which differs between materials and
increases with increasing strain.
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1. Introduction
This manuscript is concerned with a topic which has been explored ex-
perimentally for many decades now, namely, the specific partition of defor-
mation energy within the deforming material. This area has been extensively
reviewed under the heading of “The stored energy of cold work” in two pub-
lications [2, 3] and covers work through the early 1970’s. The authors, in
addition to providing a critical review of all the relevant work up to that pe-
riod of time, also offered significant thought to the likely physical mechanisms
responsible for the portion of work stored within the material. They were
very clear to point out that the structural evolution which leads to hardening
behavior differs with material, loading conditions, and temperature; as such,
these factors also impact the energy storage mechanisms. They suggested the
potential importance of developed dislocation subgrain structure as a very
common storage mechanism. Other possible important variables identified
were extent and rate of deformation, grain size, single/polycyrstal, elemental
or alloy, purity, and recrystallization. They also openly recognized that mea-
surements related to quantifying stored energy were challenging and therefore
different measurement methods would possibly lead to different results. As
a result, one may expect a high degree of variability in results with replica-
tion advisable within studies. The authors encouraged the readers that “the
ultimate aim of theoretical analysis must be the development of a detailed
model of the cold-worked structure resulting from the deformation process.
The stored energy, as a measure of the integrated effects of imperfections,
will then be predictable from theory”. This statement still very much holds
true as we are still challenged to quantitatively understand and represent
the integrated structural and thermodynamic evolution process. With this
inspirational history of observation this topic remains very rich for discovery
with important strategic and economic implications.
The theme of stored energy of cold work has lived on in a more recent body
of work examining the evolution of thermal energy through temperature mea-
surement during deformation. A nice review of this work and introduction of
new work has been presented recently [4] in the context of the Taylor-Quinney
coefficient [5]. The database covers a span of nine different materials and a
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number of differing loading conditions [6, 7, 8, 9, 10, 11, 12, 13]. Their review
included a summary of ranges of value for the Taylor-Quinney coefficient us-
ing either the integral or differential measure. The range of coefficient values
was very large. The lowest magnitude range was 0.1 - 0.3 reported by [13]
for Mg deformed in shear at dynamic rates of loading. The highest magni-
tude range was 0.75 - 1.0 reported by [10] for commercially pure Ti loaded
dynamically in compression. Within all the measured ranges for each study,
the difference between minimum and maximum reported coefficient was on
average on the order of 0.4. This is a wide variation and certainly much
broader than commonly believed and typically used in engineering practice
(e.g., constant 0.9) . The authors themselves [4] reported on experiments
conducted on seven different materials in a number of initial conditions for
the loading modes of compression, tension, and dominant shear. Once again,
the results presented suggested values of the Taylor-Quinney coefficient to be
varied but certainly well below the traditional value of 0.9. Some additional
work to note is that of [14] examining the deformation response of single
crystal Cu for various loading orientations. The temperature evolution dur-
ing the dynamic compression loading of 316L SS was reported as a function
of strain rate, initial temperature, and strain magnitude in [15]. The authors
report a comprehensive collection of conditions with full reporting on stress
response for each experiment. They report a temperature rise of 140 ◦C at a
strain of 0.4 deformed at a strain rate of 5000 s−1 initially at 25 ◦C. Ref. [16]
experimentally examined TRIP steel under tension using IR thermometry
with combined plasticity and phase transformation and demonstrated the
influence of the additional energy exerted by the transformation process.
They also present a comprehensive analysis of their results for this coupled
deformation process which is quite interesting. Four materials (commercially
pure Ti, 303 and 316 SS, Ti-6Al-4V) are studied experimentally by [17] using
a combination of DIC and IR thermometry. Austenitic steel was studied by
[18], where comparison between fine-grained and coarse-grained material of
the amount of stored energy at strains less than a few per cent suggested
that the fine-grained material stored more energy than the coarse-grained
material. This is consistent with some of the work summarized by [2, 3].
This study also examined the contribution of heat loss by conduction and
radiation for quasi-static rates of loading and the influence on the measured
results so they were also careful to minimize these losses in the design of their
experiments. Ref. [19] use IR thermometry to examine the Split-Hopkinson
Pressure Bar response of Al 7075-T651 for samples deformed at the rates of
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1100 - 4200 s−1. Their results suggested that the Taylor-Quinney coefficient
is a strong function of strain rate for this material with the coefficient increas-
ing with strain rate. The studies of both [20] and [21] performed integrated
experimental and computational studies to give comprehensive descriptions
of the experimental results. Finally, very recently [1] published experimental
results of tension of Al 6016-T4 using thermocoupled samples under varying
conditions and material ages. We will discuss these results more throughout
this manuscript. This collection of work represents an important database
for both inspiration and challenge.
As alluded to above by the statement by [2, 3], quantitative explanation
of these rich experimental results is an important challenge. Quantifying the
stored energy of cold work will not only require accurate description of the
mechanics of dislocation motion and interaction [22, 23], but must also be
done within a framework of thermodynamic consistency [24, 25, 26] to enable
connection with experiment. A great deal of progress has been made over the
years to represent the complex mechanics of dislocations within a continuum
context [27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41]. These im-
portant advancements in theory have been greatly facilitated by large-scale
dislocation physics simulations to enable the study of details not yet available
experimentally [e.g., 42, 43, 44, 45, 46, 47, 48, 49, 50, 51]. There has also
been significant accomplishment towards understanding the thermodynamics
of these dislocation motion and interaction processes [52, 53, 54, 55, 56, 57,
25, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75] . We
have previously proposed a novel thermodynamic description of structural
evolution taking place during deformation [76, 77]. This approach is based
upon recent work to partition energy and entropy elements to both atomic
vibrational and configurational disorder states of matter [71, 72]. This gen-
eral theory, based upon principles of the non-equilibrium statistical physics
of the collective behavior of driven many-particle systems, then provides
a disciplined thermodynamic framework to describe structural evolutionary
features such as dislocations, dislocation subcells, grain boundaries, and so
on. This is where in this theory the stored energy of cold work resides
and is made explicit and distinct from the atomic vibrational component
which is responsible for the thermal energy. In our prior work [76, 77] and
other recent applications of this theory [78, 79, 80, 81, 58, 59, 60] the atomic
configurational disorder component or dislocation, subcell, grain boundary
representation was done through isotropic and scalar representations of these
states. Here we advance upon the work in [76, 77] by exploring the behavior
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of the Al alloy 6016-T4 and the experimental database recently published by
[1]. We do so in order to better quantify the stored energy of cold work within
the context of a series of very recently published quasi-static experimental
results and challenge the ideas within the theory in isotropic form. We have
also recently extended the theory to crystallographic systems to represent
single crystals [82].
This paper is structured as follows. In Sec. 2, we present the thermody-
namic framework and its development to derive the appropriate expression
for the Taylor-Quinney coefficient. The theory specific to dislocation me-
chanics is discussed in Sec. 3. By employing the theory with implementation
into ABAQUS Standard, we present our analysis of the experimental results
of [1] with related discussion. We then present some concluding thoughts in
Sec. 4.
2. Thermodynamic framework: derivation of the Taylor-Quinney
coefficient
In this section, we derive constraints for the Taylor-Quinney coefficient us-
ing partitioned-energy thermodynamics [83]. We do not specialize ourselves
to dislocation plasticity until the next Section.
The basic premise is that the formation energy of defects in a material
eD far exceeds the thermal energy corresponding to temperature θ ≡ kBT ,
and that irreversible atomic rearrangements that correspond to the motion of
defects occur on a much longer time scale than the atomic vibration period τ0,
such that one can partition the total energy and entropy per unit volume, Utot
and Stot, into a sum of atomic configurational (C) and kinetic-vibrational (K)
contributions. The configurational energy component represents the stored
energy of cold work as we discussed above. The same goes for their rates of
change:
U˙tot = U˙C + U˙K ; S˙tot = S˙C + S˙K . (1)
Defects belong to the configurational degrees of freedom, and contribute to
energy UC and entropy SC . (We do not currently consider low-energy defects
or other microstructural changes, e.g., phase changes, that pertain to the
kinetic-vibrational degrees of freedom; these can be included easily.) The
thermal and effective temperatures, denoted respectively by θ and χ, are
defined by
θ ≡ ∂UK
∂SK
; χ ≡ ∂UC
∂SC
. (2)
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Then
U˙K = θS˙K − pV˙
el
V
, (3)
where p is the hydrostatic pressure, V is the total volume, and V˙ el is the rate
of change of the elastic volume. Also,
U˙C = χS˙C +
∑
α
(
∂UC
∂ρα
)
SC ,t
ρ˙α +
∂UC
∂t
, (4)
where α indexes the internal state variables ρα that describe the defects
and structural features in the material. These could include, for example,
dislocation subcells, the dislocation density ρ and the grain boundary density
ξ in a polycrystalline material [76, 77].
Now, the first law of thermodynamics says that the rate of change of the
internal energy per unit volume U˙tot is equal to the rate of work minus the
heat loss to the surroundings and the neighboring material. Thus,
U˙tot = U˙C + U˙K = σij ˙ij −∇ · q−∇ · qc − A(θ − θ0). (5)
Here, A is a conductivity that describes heat exchange with the surroundings
at temperature θ0. σij and ˙ij are the Cauchy stress and total strain rate
tensors, the latter assumed to be a simple sum of plastic and elastic strain
rates: ˙ij = ˙
pl
ij + ˙
el
ij. The heat fluxes assume the form
q = −K∇θ; qc = −Kc∇χ, (6)
where K and Kc are the respective heat conductivities within the material.
Substituting Eqs. (3) and (4) for U˙K and U˙C into Eq. (5), and using the
fact that deformation at constant entropy SC and defect densities ρα is by
definition elastic, i.e., (
∂UC
∂t
)
SC ,ρα
= sij e˙
el
ij, (7)
where sij = σij − (1/3)δijσkk is the deviatoric stress tensor, and e˙elij = ˙elij −
(1/3)δij ˙
el
kk is the deviatoric part of the elastic strain rate tensor, we arrive
at the result
σij ˙
pl
ij = χS˙C+
∑
α
(
∂UC
∂ρα
)
SC ,t
ρ˙α+θS˙K−K∇2θ−Kc∇2χ+A(θ−θ0). (8)
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Meanwhile, the second law of thermodynamics mandates non-negative
entropy production; thus,
S˙K + S˙C +∇ · q
θ
+∇ · qc
χ
+
A
θ
(θ − θ0) ≥ 0. (9)
Multiplying this by χ, and using Eq. (8) for χS˙C , we find for the dissipation
rate that
σij ˙
pl
ij −
∑
α
(
∂UC
∂ρα
)
SC ,t
ρ˙α + (χ− θ)
[
S˙K − K
θ
∇2θ + A
θ
(θ − θ0)
]
+
χ
θ2
K(∇θ)2 + Kc
χ
(∇χ)2 ≥ 0. (10)
Assuming plastic incompressibility, σij ˙
pl
ij = sij ˙
pl
ij , and isotropic plasticity,
˙ij ∝ sij, we arrive at the two constraints
−
(
∂UC
∂ρα
)
SC ,t
ρ˙α ≥ 0, ∀α; (11)
(χ− θ)
[
S˙K − K
θ
∇2θ + A
θ
(θ − θ0)
]
≥ 0. (12)
(The other three inequalities that follow from Eq. (10) are automatic.) The
second of these, in particular, stipulates that
θS˙K −K∇2θ + A(θ − θ0) = B(χ− θ) ≈ Bχ, (13)
where B is a non-negative thermal transport coefficient, and the approxima-
tion follows from the assumption that χ θ.
Equation (13) provides an important constraint on the Taylor-Quinney
coefficient. To see this, consider the non-equilibrium steady-state – in the
long-time limit – at which the effective temperature has reached some steady-
state value χss, and χ˙ = 0, ρ˙α = 0. Then, substituting Eq. (13) into Eq. (8),
we find that
B → σij ˙
pl
ij
χ− θ , as t→∞. (14)
Thermodynamic consistency is guaranteed as long as B satisfies this require-
ment in the long-time limit. The usual choice, as in, e.g., [72, 76, 77], is
B ≡ B1 =
σij ˙
pl
ij
χ− θ . (15)
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However, this is not the only possibility. For example,
B ≡ B2 = χ
χss
σij ˙
pl
ij
χ− θ , (16)
and more generally,
B = f(χ, θ)
σij ˙
pl
ij
χ− θ , (17)
with f(χss, θ) = 1, is also thermodynamically consistent.
Then, returning to the equation for the thermal temperature,
θS˙K = θ
(
∂SK
∂θ
)
V
θ˙ + θ
(
∂SK
∂V
)
θ
V˙ ≡ cV θ˙ + cV γG θ ˙kk, (18)
where cV ≡ (∂SK/∂θ)V is the specific heat capacity per unit volume, and
γG ≡ V
cV
(
∂SK
∂V
)
θ
= −V
θ
(
∂θ
∂V
)
SK
(19)
is the Gru¨neisen parameter, which represents the temperature drop during
elastic volume expansion. Then
cV θ˙ = θS˙K − cV γG θ ˙kk
= B(χ− θ)− cV γG θ ˙kk +K∇2θ − A(θ − θ0).
In the case that B = B1 given in Eq. (15), we can read off the Taylor-Quinney
coefficient β, or the fraction of plastic work dissipated as heat, immediately
from Eq. (20):
β ≡ β1 = χ− θ
χss − θ ≈
χ
χss
. (20)
If B = B2, where B2 is given in Eq. (16), then
β ≡ β2 = χ
χss
χ− θ
χss − θ ≈
(
χ
χss
)2
. (21)
Both possibilities are thermodynamically consistent, and as we remarked
above, there are many possibilities which are second-law compatible; the
only requirement is Eq. (14), which implies that β is a function of the ef-
fective temperature, with β → 1 in the long-time limit. Importantly, this
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implies that the common assumption that β = 0.9 throughout the duration
of deformation cannot be correct, as it is not thermodynamically consistent.
Physical evidence found in experimental results will help guide the correct
functional form of β which is what we do here for a single material in alu-
minum alloy 6016-T4.
The choice of β has implications for the evolution of the effective temper-
ature χ; indeed, plastic work that is not converted into heat is stored in the
form of defects and configurational disorder. To write down the evolution
equation for χ, use Eqs. (8) and (13) to write
χS˙C = σij ˙
pl
ij −
∑
α
(
∂UC
∂ρα
)
SC ,t
−B(χ− θ) +Kc∇2χ. (22)
Using
UC(SC , ρα) = U0(ρα) + U1(S1); (23)
SC(ρα) = S0(ρα) + S1(U1), (24)
where U0 and S0 denote the total formation energy and bare entropy of the
defects, and U1 and S1 denote the residual terms. Next, write
χS˙C = χ
(
∂SC
∂χ
)
ρα
χ˙+ χ
∑
α
(
∂SC
∂ρα
)
χ
ρ˙α
= ceffχ˙+ χ
∑
α
∂S0
∂ρα
ρ˙α, (25)
where we have defined ceff ≡ χ(∂SC/∂χ)ρα to be the effective heat capacity.
We also use Eq. (23) to write(
∂UC
∂ρα
)
SC ,t
=
∂U0
∂ρα
− χ∂S0
∂ρα
. (26)
Combining Eqs. (22), (25), (26) and (20), we find
ceffχ˙ = σij ˙
pl
ij −
∑
α
∂U0
∂ρα
ρ˙α −B(χ− θ) +Kc∇2χ. (27)
As such, if B = B1 given in Eq. (15) above, corresponding to β = β1 in
Eq. (20), the evolution equation of the effective temperature reads
ceffχ˙ = σij ˙
pl
ij
(
1− χ
χss
)
−
∑
α
∂U0
∂ρα
ρ˙α +Kc∇2χ. (28)
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This is the usual form of the effective-temperature evolution equation in
much of the literature [83, 71, 72, 84, 85, 76, 77]. In other words, the usual
effective-temperature evolution equation is equivalent to the statement that
β = β1 = χ/χss. An interesting possibility arises if B = B2 and β = β2 =
(χ/χss)
2, for which the effective temperature evolution equation reads
ceffχ˙ = σij ˙
pl
ij
[
1−
(
χ
χss
)2]
−
∑
α
∂U0
∂ρα
ρ˙α +Kc∇2χ. (29)
Yet other possibilities may arise (Eq. (17)). In the rest of this manuscript,
we shall restrict ourselves to β = β1 = χ/χss and B = B1, with Eq. (28) as
our evolution equation for the effective temperature. This is found to fit the
stress-strain behavior of the aluminum alloy 6016-T4 much better than, say,
β = β2 = (χ/χss)
2. The question of the functional dependency of β itself
may be material-dependent, and calls for further experimental investigations
under different loading conditions.
3. Thermodynamic dislocation theory
We now specialize to crystalline materials for which dislocations are the
primary defects and plasticity carriers of interest. In this section, we briefly
review the thermodynamic dislocation theory (TDT) of Langer et al. We
restrict ourselves to isotropic plasticity for simplicity. Interested readers may
refer to [71, 72] for details of the development. From here onwards, we scale
the effective temperature χ by the dislocation formation energy eD so that
it becomes dimensionless; we also use as our only internal density variable
(collectively denoted by {ρα} above) the dimensionless dislocation density
ρ, defined in terms of the usual dislocation line length per unit volume ρD
by ρ ≡ a2ρD, where a ≈ 10b is an atomic length scale roughly equal to ten
times the length of the typical Burgers vector, and is related to the minimum
separation between dislocations. In addition, we use the temperature in units
of Kelvin, T , in place of the temperature in energy units, θ = kBT , used in
Sec. 2.
Within TDT, the expression for the plastic strain rate is
˙plij =
1
2τ0
sij
s¯
√
ρ exp
[
−TP
T
e−s¯/(αTµ
√
ρ)
]
. (30)
The key idea in Eq. (30) is that dislocation motion occurs via thermally-
activated depinning, which is subject to a stress barrier proportional to the
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shear modulus and inversely proportional to the average separation ∝ 1/√ρ
between dislocations; and that the average speed of a dislocation line is given
by the average separation between dislocations divided by the time spent at a
pinning site. Eq. (30) then follows from the Orowan relation, which says that
the plastic strain rate is then proportional to both the dislocation density
and their average speed. Here, τ0 ∼ 10−12 s is a time scale corresponding to
atomic vibrations. TP , in units of Kelvin, quantifies the energetic barrier to
depinning, which is tilted by an equivalent shear stress s¯ ≡ √(1/2)sijsij in
accordance with the inner exponential factor. αT is a constant of the order
of 0.1, and µ is the shear modulus.
The stress evolution equation is given by
σ˙ij = 2µ(˙ij − ˙plij) + λδij ˙kk, (31)
where λ, the first Lame´ parameter, is related to the Poisson ratio ν0 and the
shear modulus: λ = 2µν0/(1− 2ν0). Equivalently,
s˙ij = 2µ(e˙ij − ˙plij). (32)
Strain hardening is described by the evolution equation for the dislocation
density:
ρ˙ =
κ1
ν¯2
σij ˙
pl
ij
αTµ
(
1− ρ
ρss
)
, (33)
where κ1 is a constant, and ν¯ ≡ log(TP/T ) − log[log(√ρ/(2τ ˙¯e))], with ˙¯e ≡√
(1/2)e˙ij e˙ij being the equivalent shear rate. Equation (33) says that the
dislocation density changes at a rate proportional to the plastic work rate
σij ˙
pl
ij , due to the storage of cold work; ρ approaches, in the long-time limit,
the steady-state dislocation density, given by the second law of thermody-
namics (cf. Eq. (26)): ρss = e
−1/χ. The quantity ν¯ controls the hardening
rate post-yield.
With the dislocation core energy per unit length being of the order
µb2/4pi, the dislocation formation energy scales as eD ∼ µb2a/4pi, so that
the evolution equation for the effective temperature (cf. Eq. (28)) becomes
χ˙ =
κχ
αTµ
[
σij ˙
pl
ij
(
1− χ
χss
)
− µ
4pi
(
b
a
)2
ρ˙
]
, (34)
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where κχ ≡ αTµ/ceff, and we have neglected the conduction term ∼ Kc∇2χ
within the material. Finally, the temperature evolves according to the equa-
tion
T˙ =
1
cpρ¯M
[
χ
χss
σij ˙
pl
ij − A(T − T0) +K∇2T
]
− γGT ˙kk, (35)
where cp is the specific heat capacity per unit mass, ρ¯M is the mass density,
and T0 is the ambient temperature.
4. Analysis of experiment on an aluminum alloy
We perform a finite-element simulation of a set of experiments on the alu-
minum alloy 6016-T4, reported in detail in [1]. These experiments measured
the evolution of the temperature using thermocouples at four positions on
the surface of the aluminum alloy sample deforming under uniaxial tension
at several strain rates corresponding to loading velocities 0.01, 0.1, and 1
mm/s at the sample end. These four locations using the designations of [1]
are TC1 - gage section center; TC2 - 6 mm from gage section center; TC3
- 12 mm from gage section center; TC4 - 18 mm from gage section center.
The linear gage section is 40 mm long and 10 mm wide. The overall sample
length is 144 mm. The computational mesh used for the analysis is given
in Figure 1. Both thermal conduction into the sample grips and thermal
convection to the surrounding air environment are represented in these simu-
lations. The gripped elements with conduction boundary conditions (green)
and convection boundary conditions (blue) are shown in Figure 1. The nodes
on one end of the sample are fixed while the nodes on the opposite end of the
model are imposed the experimental displacement rates used in [1]. Com-
puted temperature evolution is taken from integration points in the model
which correspond to the locations of TC1 - TC4.
We integrated the evolution equations in a coupled temperature-displacement
analysis in the implicit branch of ABAQUS [86], using C3D20RT reduced-
integration elements and the following procedure. At each time step at time
t the strain and temperature increments at time t + ∆t are automatically
updated by the ABAQUS UMAT and HETVAL subroutines, while the state
variables {Λα} ≡ {ρ, χ} are updated as follows in iteration m in the outer
loop:
Λ(m+1)α (t+ ∆t) = Λα(t) + ∆t · Λ˙α(σij(t),Λβ(t)). (36)
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Figure 1: The computational ABAQUS mesh used for this work. The green elements
contain conductive boundary conditions to represent copper grips used by [1]. The blue
colored elements allow for convective heat transfer to the surrounding air. The left-end
nodes are fixed in space while the right end nodes are displaced at rates consistent for
each experiment. The linear gage section is 40 mm long and 10 mm wide, and the overall
sample length is 144 mm.
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Table 1: Composition (by percentage of mass) of the aluminum alloy 6016-T4 used by [1]
Si Mg Cu Fe Mn Al
0.91 0.41 0.10 0.255 0.17 bal.
The inner-loop iteration for the stress tensor is a Newton iteration as follows.
Let ∆ij be the strain increment accrued over time ∆t, and define
Rij(σkl(t+∆t)) ≡ σij(t+∆t)−σij(t)−2µ
[
∆ij −∆t ˙plij
]
−λδij∆kk. (37)
The Newton procedure gives, for the (n+ 1)-st iteration,
σ
(n+1)
ij (t+ ∆t) = σ
(n)
ij (t+ ∆t)− (JFkl,ij)−1Rkl(σ(n)pq (t+ ∆t)), (38)
where
JFij,kl ≡
∂Rij
(
σ
(n)
pq (t+ ∆t)
)
∂σ
(n)
kl (t+ ∆t)
= δij,kl + 2µ∆t
∂˙plij
(
σ
(n)
pq (t+ ∆t)
)
∂σ
(n)
kl (t+ ∆t)
, (39)
with δij,kl being the identity tensor: δij,kl = 1 if (ij) = (kl) and 0 otherwise.
Upon convergence of the stress update, we return to the outer loop and
update the state variables until convergence. The UMAT subroutine makes
use of an adaptive time stepping scheme that is allowed to proceed if the
temperature change over ∆t falls within a tolerance of 0.01 K.
The composition of the aluminum alloy 6016-T4 is detailed in Table 1.
It is similar enough to commercial-purity aluminum whose TDT parameters
can be found in the literature [84, 85]. We expect that TDT material pa-
rameters for the aluminum alloy 6016-T4 should be fairly similar to those for
commercially-pure aluminum. To this end, we first use the steady-state flow
stress measurements at various temperatures, reported in a separate study
of the aluminum alloy [87], to compute the depinning barrier TP using the
procedure described in [71], and find that TP ≈ 24000 K as in commercially-
pure aluminum. The other TDT material parameters are adjusted to fit the
stress-strain measurements; these and other known material parameters are
tabulated in Table 2. In particular, we assume that the shear modulus µ is
temperature-dependent:
µ(T ) = µ1 − D1
eT1/T − 1 . (40)
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Table 2: List of aluminum alloy 6016-T4 material parameters
Parameter Definition or meaning Value
ρ¯M Mass density 2800 kg m
−3
cp Specific heat capacity 850 J kg−1 K−1
K Thermal conductivity 184 W m−1 K−1
µ1 Shear modulus parameter 28.8 GPa
D1 Shear modulus parameter 3.44 GPa
T1 Shear modulus parameter 215 K
ν0 Poisson ratio 0.33
γG Gru¨neisen parameter 2.02
αT Slip resistance parameter 0.065
b Burgers vector 0.102 nm
a Atomic length scale 1.02 nm
τ0 Atomic time scale 1 ps
TP Depinning barrier 24000 K
χss Steady-state effective temperature (in units of eD) 0.25
κ1 Hardening parameter 1.15
κχ Effective temperature increase rate 3.5
Table 3: List of initial conditions
Sample aging time Sample edge velocity ρ(t = 0) χ(t = 0)
1 month 0.01 mm/s 1.5× 10−3 0.215
1 month 0.1 mm/s 1.35× 10−3 0.207
1 month 1 mm/s 1.15× 10−3 0.20
18 months 0.01 mm/s 2.3× 10−3 0.227
18 months 0.1 mm/s 2.05× 10−3 0.218
18 months 1 mm/s 1.85× 10−3 0.212
The initial temperature is 295 K; initial dislocation densities and effective
temperatures are tabulated in Table 3. There are uncertainties with the
convective heat transfer coefficients between the sample surface and the sur-
rounding air, and between the sample surface and the grip interface. We
assume as in much of [1] that Aair = 3 W m
−2 K−1 and Agrip = 1750 W m−2
K−1.
Figure 2 compares the results of our finite-element calculations for the
stress-strain behavior of the aluminum alloy 6016-T4 sample subject to uni-
axial tension. We show the results for two samples aged 1 and 18 months,
respectively, and only for the highest strain rate reported in [1] for clarity, as
the results for the lower strain rates are almost identical. The stress-strain
behavior provides the primary information for us to adjust parameters and
initial conditions – specifically the parameters αT , κ1 and κχ as well as the
initial condition χ(t = 0) which control the curvatures of the stress-strain
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Figure 2: Stress-strain variation of the aluminum alloy 6016-T4, under uniaxial tension,
with edge velocity 1 mm/s corresponding to a nominal strain rate of 2 × 10−2 s−1. The
solid curve shows our theoretical calculations for the alloy aged 18 months, and dashed
curve is for the sample aged 1 month. The open squares and circles denote the data taken
from [1]. The stress-strain curves reported in [1] for the lower strain rates are almost
identical, and are omitted here.
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Figure 3: Temperature variation of the aluminum alloy 6016-T4, under uniaxial tension,
with edge velocities 1 mm/s (blue), 0.1 mm/s (green), and 0.01 mm/s (orange), corre-
sponding to a nominal strain rate of 2×10−2, 2×10−3, and 2×10−4 s−1. The solid curve
shows our theoretical calculations for the alloy aged 18 months, and dashed curve is for
the sample aged 1 month. The open squares and circles denote the data taken from [1].
curves after the onset of strain hardening, and ρ(t = 0) which determines the
stress at the onset of strain hardening.
With good agreement between experimental and theoretical stress-strain
curves, we compute the evolution of the temperature at the center of the
deforming sample, referred to as position TC1. Figure 3 shows the compar-
ison between the experimental temperature measurements and the results
of finite-element calculations. With the same parameters that enabled us
to reproduce the stress-strain behavior, we once again demonstrate good
agreement between experiment and theory. TDT with a Taylor-Quinney
coefficient β1 = χ/χss that varies linearly with the effective temperature cap-
tures the almost linearly increasing temperature at the center location of the
sample, with the discrepancy not exceeding 0.5 K for all strain rates and at
all times. The discrepancy may be due to uncertainties in heat convection
between the sample and the surrounding air, and heat conduction between
the sample and the grip material at its two ends; we do not make further ef-
forts to fit those ingredients. An important observation, however, is that the
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temperature rise is steepest for the fastest loading rate which, for the same
accumulated strain, corresponds to less time available for heat conduction
and convection. In addition, by including the elastic thermal expansion term
through the Gru¨neisen parameter γG (Eqs. (19) and (35)) we have been able
to accurately describe the small temperature drop of up to about 0.25 K at
small strains during elastic deformation, before its subsequent increase due
to plasticity-induced heating. While not shown here, we have been unable to
fit the temperature increase as closely, or the stress-strain behavior at large
strains, if we used β2 = (χ/χss)
2 for the Taylor-Quinney coefficient. This sug-
gests that β = β1 is a plausibility, which calls for further confirmation from
other experiments and must be continued on other databases as discussed in
the introduction.
The Neto et al. experiments also reported, in their Fig. 6, measurements
of the temperature evolution at several prescribed positions along the long
axis of the sample. We compare their measurements with our theoretical
results in Fig. 4. Once again we are able to reproduce the observed tempera-
ture increase, with a discrepancy of less than 0.5 K in each case. We attribute
the small discrepancy to uncertainties in the heat conduction and convection
behavior. Using the computed results for the 18 month aged materials de-
formed at a displacement velocity of 1 mm/s we show the temperature profile
taken at a time of 10 s after the initiation of deformation in Fig. 5. This
result clearly demonstrates the significant influence of conductive heat loss
found for these experimental boundary conditions.
Finally, we show in Fig. 6 the model results for the variation of the local
Taylor-Quinney coefficient β, given by Eq. (20), as a function of strain, at the
same positions as shown in Fig. 4 for the temperature variation. We show
only the results for the sample aged 18 months and driven at edge velocities
0.1 mm/s and 1 mm/s; results for other loading rates and the 1 month aged
sample are similar. The local Taylor-Quinney coefficient slowly increases
with the total strain, and is not a constant; despite the marked differences
in the temperature variation shown in Figs. 4 at the different positions, the
difference in β at these positions is only minor. This indicates that thermal
conduction within the sample, and heat convection with the surface and the
grip, indeed have a significant effect on the thermal behavior of the deforming
material. In other words, deformation is not adiabatic in the present set-up.
The fact that we have been able to reproduce both the mechanical and ther-
mal behaviors of the deforming material, despite the complexity of the set-up,
suggests that our present model is a reasonably accurate representation of
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Figure 4: Temperature evolution as a function of time, at several prescribed positions
TC1, TC2, TC3, and TC4, for the 6016-T4 aluminum alloy sample aged 18 months, at
edge velocities (a) 0.1 mm/s, and (b) 1 mm/s.
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Figure 5: Temperature variation of the tension sample simulation for the case of the 18
month aged material and an end velocity of 1 mm/s. This contour is taken at a simulation
time of 10 s.
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Figure 6: Model results for the variation of the local Taylor-Quinney coefficient β as a
function of strain, at the prescribed positions TC1, TC2, TC3, and TC4, for the 6016-T4
aluminum alloy sample aged 18 months, at edge velocities 0.1 mm/s and 1 mm/s.
thermomechanical conversion in the 6016-T4 aluminum alloy.
5. Concluding remarks
In this paper we have derived constraints on the Taylor-Quinney coeffi-
cient β, which quantifies the fraction of plastic work dissipated as heat, using
a thermodynamic framework which partitions deformation energy into elas-
tic, configurational (stored energy of cold work), and kinetic-vibrational. The
common Taylor-Quinney coefficient represents coupling between the config-
urational and vibrational energy states. We have shown that the Taylor-
Quinney coefficient is a function of the effective temperature which increases
towards unity in the long-time limit. The conventional assumption that
β = 0.9 uniformly over the course of deformation is not thermodynamically
consistent. This is also not supported by current experimental evidence and
the results of this study using the theory in its current form. We show in
addition that β = β1 ≡ χ/χss, where χss is the effective temperature at the
steady state, provides a good fit to experimental measurements in the alu-
minum alloy 6016-T4 under a range of loading rates and material preparation.
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Incidentally, this implies that our findings about the Taylor-Quinney coeffi-
cient may provide a means to indirectly measure the stored energy of cold
work or the effective temperature, a key quantity that quantifies the configu-
rational disorder in the material, and represents the evolution of dislocation
structure during deformation. As we alluded to early in the manuscript,
development and evolution of dislocation subcells is anticipated to be an
important energy storage mechanism and should be explicitly represented.
This remains an important area of theoretical development, especially for
single-crystal models with important implications for enabling our model-
ing of hardening and thermodynamic state evolution in metallic materials.
In addition, experimental datasets, which include measurement of tempera-
ture with the traditional stress and strain curves, offer an important critical
piece of information which can enable us to gain a deeper insight into struc-
tural evolution processes that can be probed with theories as presented here.
Structural-only models ignore an important piece of diagnostic information
in temperature which, as we have seen, is significant for even quasi-static
rates of loading.
Important questions remain about the functional dependency of β on
measurable physical quantities. We cannot definitively conclude that β = β1;
there are other thermodynamically consistent possibilities, whose verification
call for further experimentation, as well as atomistic simulations that may
be able to provide a direct probe of the stored energy of cold work (effec-
tive temperature in the present context). This can be done atomistically via
calculations of atomic potential energies and use of fluctuation-dissipation
relations, as has been done for amorphous materials [88, 89] in supplement
to experimental information at least qualitatively if not quantitatively. The
existing database of experiments covering many different materials is begin-
ning to be built with local temperature evolution with deformation. There
are many questions remaining as to the role of dislocation processes and the
structural and chemical features of a material which were discussed in the
introduction. The creation of new defects and the interactions of evolving
defect populations with other defects and chemical and impurity elements
within the material defines the problem of material hardening and therefore
is an integral part of defining proper theoretical frameworks for the stored
energy of cold work. We pose a simple model representing this process, but
much more work is required to explicitly represent dominant mechanisms
for materials. Potential energy storage mechanisms include those related to
dislocation patterning, grain boundary interactions, point defects, alloying
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elements, dislocation creation, and the atomic lattice distortion-based stored
energy related to each. This then necessarily advises us to begin thinking
about different models for each material which physically represents the rel-
evant physics given that each material will respond differently to varying
stress, loading rate, and temperature conditions. The focus of the discussion
here has been strictly with regards to dislocation slip-based processes; how-
ever, deformation twinning is also an important plastic deformation mech-
anism. It is still unclear if, in terms of the stored energy of cold work and
thermal conversion, that twinning can be treated the same way as dislocation
slip [90].
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